
ELLIPSE FITTING AND THREE-DIMENSIONAL LOCALIZATION OF 
OBJECTS BASED ON ELLIPTIC FEATURES 

Naoufel Werghi, Christophe Doignon and Gabriel Abba 

Universitk Louis Pasteur, 
Ecole Nationale Supkrieure de Physique de Strasbourg, 

Laboratoire des Sciences de l'Image, de 1'Informatique et de la Tklkdetection, 
Groupe de Recherche en Automatique et Vision Robtique, 

Boulevard Skbastien Brant, F-67400 Illkirch, France 
E-Mail: naoufel@hplgra.u-strasbg.fr 

ABSTRACT 
In the area of robotic vision we are interested in de- 

veloping algorithms for the control of a robot manipulator 
by means of visual feedback. Image analysis and exploita- 
tion of the image features are therefore steps of importance. 
This paper deals with the problem of three-dimensional lo- 
calization of objects representing circular patterns. The 
first part of the paper is concerned with the parametriza- 
tion of elliptic curves and a second part is dedicated to the 
estimation of an object's position and orientation. 

1. ELLIPSE FITTING 

In computer vision, ellipses are commonly viewed as oblique 
projections of circular features in the image. Such features 
are typically rare and salient. Hence, they are excellent 
cues if they can be detected reliably. A further advantage 
of circular features is that they can constrain the view point 
to a greater degree than simple line features. Thus they are 
more reliable in the determination of the object orientation 
and localization. 

There are many methods for ellipse fitting available in 
the literature. Methods based on the Hough transform [2],  
[5] are not well suited for our purpose, since they require a 
large number of data points, do not produce a unique solu- 
tion and are computationally expensive. The least squares 
method [3] suffers from severe bias when the arcs are shal- 
low and the noise is not Gaussian. Improvement is achieved 
by the extended Kalman filter [I], [4], but the problem of 
bias persists in the case of shallow arcs with high curvature. 

An ellipse is represented by the biquadratic form 

with the constraint b2 - ac < 0. The set ( a ,  b,  c, d ,  e ,  f )  rep- 
resents the ellipse parameters. Generally the objective is 
to find a set of parameters minimizing the error criterion 
J = x , f ( z e , y t ) 2 ,  The bias embodied in the estimation 
based on the above criterion is due to the assumption that 
error at the ith point is given by f(z,,, y,). In our approach 
we take as error measure the orthogonal distance d ,  between 
the measured point and the fitted ellipse. The fitting pro- 
cess is further enhanced by a preliminary estimation of the 

center and of the orientation of the ellipse. This informa- 
tion is used to match the coordinate system with the ellipse 
center and axis. This first estimation is carried out with 
a simple least squares method applied to the first criterion 
mentioned above. 

1.1. Application of the Extended Kalman Filter 

With the normalization a + c = 1, (1) becomes: 

f (z ,  y) = a(z2 - y2) + 2bzy + 2 d x  + 2 e y  + f + y2 = 0 ( 2 )  

The equation (2) defines a nonlinear relation between the 
parameter vector A = ( a ,  b,  d ,  e ,  f ) t  and the measurement 
point 2 = (z,, y,) 

2 is related to its exact value Y,  by Y,  = 2 + U,,  where vr 
is the measurement noise with the statistics 

F ( A ,  2) = 0. (3) 

E ( 4  = 0; E(w,U:] = L,  = [: 4 
Given N points $, the initial values and So of the 

vector parameters and its covariance matrix, the error cri- 
terion is 

N 

J = ( A  - &)'SS,-'(A - a,) + d: (4) 
t= l  

The distance d ,  is weighted by the measurement noise co- 
variance matrix 

d: = ($ - Y,)'L,'(k - Y, )  (5) 

by means of adequate linearization [16], (4) is written 

N 

where 
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Figure 1: A sets of fitted ellipses generated by the LS (a), The 
classic EKF (b) and our method ( c ) .  The da ta  is a simulated third 
ellipse arc length to which is added a (0,Z) Gaussian noise.Estimated 
ellipses superimposed on original images (d) 

The vector parameter minimizing the above criterion is then 
determined by the recursive Kalman filter equations : 

K, = S,-lh,(R? + hfS,-lh,)-l 
A, = A,-l + K,(z,  - h:A,_,) 
s, = S,-] - K,hfS,-I 

(7) 

1.2. Results 

Tests have been made on simulated ellipse arcs to which we 
have added a (0,2) Gaussian noise. A comparison between 
the LS, EKF and the suggested method is shown in figure 
la,b,c. Tests on real images are shown in figure Id. We re- 
alize that elliptical feature have been extracted and located 
with reasonable accuracy. 

2. OBJECT LOCALIZATION 

In model-based localization the problem of estimating ob- 
ject position and orientation can be stated as follows : given 
a set of object features (points, lines, circles), given their 
geometric configuration and description in the object frame 
and given the projections of these features in the image, 
determine the rigid transformation composed of transla- 
tion and rotation between the camera frame and the ob- 
ject frame. The translation corresponds to the object posi- 
tion and the rotation corresponds to the object orientation. 
The solutions provided the literature for this problem can 
be divided into two main categories: analytical and numeric 
methods. Analytical solutions are used when the number of 
fits image features-object model features is reduced. These 
methods are based on points [ 6 ] ,  [ 8 ] ,  lines [7],[9] or quadratic 
curves [ l O ] , [ l l ] .  They use basic mathematics and they are 
little time consuming; however they are not sufficiently ro- 
bust to noise. When the number of correspondences is large, 
numeric methods may be more efficient, because the pose 
information content is redundant and because the measure- 
ment errors and image noise average out among the image 
features. In the numeric methods, the solution is gener- 
ally obtained by the minimization of a nonlinear error cri- 
terion [12], [14], [17]; more recent approaches apply linear 
techniques [13],[15]. The approach suggested in this paper 
presents both the analytical aspect and the numeric aspect 

and tries to conserve the advantages of analytical and nu- 
meric methods. A closed form solution is used for the de- 
termination of the translation between the camera frame 
and the object frame. This solution is presented in a more 
general framework concerning three-dimentional locations 
of circles. Contrary to general closed form solutions, this 
approach does not make any simplifying assumptions on 
the perspective projection; furthermore, by exploiting the 
geometrical relations between features in both image and 
object model, the location of an object circle can lead to 
the determination of the object orientation. In this way, a 
preliminary and valid estimation of the rotation associated 
with the object orientation is obtained. This first estima- 
tion is then used as initialization for the object orientation 
determination process which uses a numeric method based 
on Kalman filtering. 

2.1. Object Position 

The coordinates of the object frame center with respect to 
the camera frame defines the translation between the object 
frame Ro(Mo,  U, v ,  w) and the camera frame R,(O, i ,  j ,  k). 
The center of the circle corresponding to the most salient 
circular features is taken as the origin of the object frame, 
and the vector w of the object frame is normal to the 
circle plane. At first, the orientation of the circle plane 
is determined by using the property which states that the 
intersection of a such plane with the cone defined by an 
elliptic base (the perspective projection of the circle in the 
image plane) and the center of the camera’s lens (origin of 
the camera frame) as vertex, generates a circle. Once the 
orientation has been computed and given the radius circle, 
the center of the circle is then determined. The different 
steps of computation are explained in [7] 

2.2. Circle Localization Error 

The reliability of the circle localization depends on the er- 
ror ratio in the ellipse parameters’ values. The error ratio 
depends on two kinds of factors: Intrinsic factors of the 
image such as the image quality and the image noise and 
extrinsic factors which are the distance-camera and the an- 
gle between the circle plane and the camera image plane. 
These two factors determine, respectively, the size and the 
amount of deformation of the elliptic feature. 

Two series of measurements have been carried out in 
order to analyse the effects of these last two factors on the 
localization of circles. The position error is defined as the 
distance between the actual circle center and the estimated 
circle center. The orientation error is defined as the angle 
in degrees between the actual circle plane orientation and 
the estimated one. The simulated circle has a ray of 20 cm 
and its projection in the image is corrupted by a Gaussian 
noise of two pixels variance. From figure 2.a,2.b we notice 
that the error position increases almost linearly with the 
distance. This is due to the fact that the size feature de- 
creases when the circle moves away from the camera and 
consequently the ratio noise/feature increases. However, 
the error remains acceptable up to a distance of 60 cm (the 
computed circle center remains enclosed in the actual cir- 
cle). The orientation error increases also with the distance, 
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Figure 2: Errors of the position and the orientation mapped in 
function of the distance camera-object and the angle between cam- 
era image plane and circle plane. The errors were averaged over 50 
simulations 

but in a less sensitive way. Indeed, uo to 70 cm, the orien- 
tation deviation is less then 10'. In figure 2c,2d we realize 
that for an angle close to 90' the position error is relatively 
significant. This is due to the fact that in the neighbour- 
hood of 90' the ellipse surface is small (close to a segment) 
and consequently the ratio noise/featue is high. For angles 
above 110' the error remains less than 5 mm. The error ori- 
entation is more significant for angles close 180'. Indeed, 
for such angles the major axis and the minor axis of the el- 
lipse have close values. This fact causes a high uncertainty 
on the ellipse orientation in the image. 

2.3. Object Orientation 

The object orientation is defined as the rotation between 
the object frame R,(M,,u,v,w) and the camera frame 
R,(O, i, j ,  k). The rotation R is expressed by 

il 31 k1 
R =  ( ;; ;; lc; ) , R-I = Rt = ( zi zi ti ) 

The columns of R are the coordinates of i, j ,  k in R,. The 
columns of Rt represent the components of U, v, w in R,. 

Let M ,  be an object point with coordinates (X,, U,, Z,) 
and (u,,v,,w,) in R, and R, respectively. We have the 
relation 

the projection of (9) on the axis 0 2  et O j  gives 

U 3  v3 w 3  

(8) 

OM, = OM, + MOM, (9) 

(10) 
X, = X, + M,M,i 
U, = Yo + M,MJ 

the combination of (??) with (10) followed by the elimina- 
tion of 2 yields 

x,(Yo + M,M,j) - yz(X0 + M o M z i )  = 0 (11) 

The dot product is independent from the coordinate frame 
so by expressing MOM,, i, and j in R,, (11) is written 

Xr(Yo$'U:31 +2):32+Wt33)-Y:(Xo+Ut21 +%22 +wt23) = 0 
(12) 

the equation (12) defines a linear relation between a param- 
eter vector a = (il,i2ri3,j1,32,33)t, an image point m, and 
an object point M, 

f (a, m,,  M,) = 0 (13) 
Given a sufficient number of (image point, object point) 
correspondences, the equation (13) provides linear system 
in which the unknowns are i and j. Once i and j have been 
computed, the vector k is obtained by the cross product iAj. 
However, because of noise, the resulting matrix R may be 
not orthonormal so it should be corrected by normalizing i 
and k then replacing j by the cross product of k and i. 

The observation equation related to (13) is 

b, = h:a + n ,  

with 
b, = XIYO - Y , X o  
h: = (YrU:, y:v:,Slrwr, - x , w ,  -x:v:, -x,w,) 

n ,  is the observation noise with the statistics (0, W,). The 
variance W, is function of b,,h,, the current estimation ii 
and the image noise covariance matrix L. The vector pa- 
rameter can then be determined by th  recursive Kalman 
filter equations (7) 

2.3.1. Matching Control 

The use of the Kalman filter enables us to obtain reason- 
able matches during the estimation process. Given an ob- 
ject point Mi and the current estimation i, let a candidate 
for a match be the image point mi. f(i, m,, M,) is an inde- 
pendent random variable with a normal distribution which 
satisfies 

The fit (mi, Mi) is estimated true if the Mahalabonis dis- 
tance &(a, mi, M i )  = f(i, mi, Mi)tS,-l f (6, mi, Mi) is below 
a certain threshold. The rank of Si is equal to one, so 6 has 
a x2 distribution with one degree of freedom. The chosen 
threshold corresponds to a probability of 90%. 

2.3.2. Initialization 

The circle orientation computed in the circle localization 
process is taken as a first estimation of w and by expressing 
the elements of the rotation matrix R in function of the 
Euler angles (Q, p, y). We obtain the following system 

i3 = - sin p 
j3 = cos p sin Q 

k3 = cos Q cos p 
f(ff,Dy,m:,M:) = 0 

(14) 

The solution (a,P,y) of the above system gives a reason- 
able initialization of i, j and k. However, there are two 
problems. First the solution of this system is not unique. 
Second the choice of the first match (m,, M,) is problematic. 
For this purpose, we refer to the geometrical relations of the 
image features to reduce the number of matches. The solu- 
tions related to the potential matches are then determined. 
The potential transformation is applied to the model, if the 
projected model features do not fit the image features the 
related correspondence is rejected (figure 3). 
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Figure 3:  Verification of the solutions resulting from the system 
(14) The projection of the model features with a false transfor- 
mation (a) does not match the image features The transformation 
which fit the best the model projection with the image is taken as 
initialization (b) 
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Figure 4: convergence of the deviation of the rotation estimate 
(a,.). the deviation was averaged over 50 simulations. The object 
model is projected with the estimated transformation on the object 
image (b,d). 

2.4. Exper imenta l  tests 

Tests have been made on synthetic polyhedral objects pre- 
senting a circle on one of their faces. for a given transfor- 
mation (translation + rotation), the object is projected into 
the image and Gaussian noise is added to the image points. 
Two series of tests have been carried out, the first with a 
Gaussian noise of two pixels variance (figure 4.a,4.b), the 
second with a noise variance of four pixels (figure 4.c,4.d) . 

3. C O N C L U S I O N  

This paper proposes an approach for 3D object localization 
based on elliptic features. Owing to its geometrical own- 
erships, an ellipse reduces the complexity of the recogni- 
tion and the amount of matches between the image and the 
model. Additionally, an ellipse constrains the view points 
to a greater degree than a simple line. Indeed, the ellipse 
based circle localization enables to determine the object po- 
sition and two of its three degrees of freedom. For the cases 
when the whole transformation is needed, a linear iteration 
technique is recommended for the the determination of the 
rotation between the camera frame and the object frame. 
This technique  is based o n  Kalman filtering and ensures  
good selection of matches. 

The application of the EKF for the minimization of 
the sum of distances between the measured points and the 
fitted ellipse reduces the amount of bias in the estimated 
ellipse parameters and improves therefore the reliability of 

the ellipse based object localization. However, the efficiency 
of this technique is limited by extrinsic factors: the distanc 
of the object from the camera and the relative orientation 
of the circle plane with respect to the camera image plane. 
Tests have been carried out in order to determine both the 
effects of these factors on the localization and the efficiency 
margin of the circle localization technique. 

These series of simulations can be considered as a first 
step towards a more complete analysis of the sensitivity of 
localization in terms of the above-mentioned factors. Build- 
ing a general methodology for 3D localization of objects 
integrating the elements and the results of such analysis 
constitutes part of our future work. 
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